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ON THE K-THEORETIC HALL ALGEBRA OF A SURFACE
YU ZHAO
Abstract. In this paper, we define theK-theoretic Hall algebra for 0-dimensional
coherent sheaves on a smooth projective surface, prove that the algebra is asso-
ciative and construct a homomorphism to a shuffle algebra analogous to Negut
[Neg17]).
1. Introduction
1.1. Motivation. Let S be a smooth surface over an algebraically closed field
k. We consider the stack Cohn of length n coherent sheaves on S, which can be
represented by a quotient stack:
Cohn = [Quot
◦
n/GLn]
where Quot◦n is studied in Section 3. Therefore, the Grothendick group of Cohn
can be represented by
K(Cohn) = K
GLn(Quot◦n)
and we denote K(Coh) the abelian group
K(Coh) =
∞⊕
n=0
K(Cohn).
Based on their construction for S = A2, Schiffmann and Vasserot ([SV12]) expect
there is an algebra structure onK(Coh), which is called the K-theoretic Hall algebra
of S. The general principle for constructing the K-theoretic Hall algebra is to
consider the stack Corrn,m of short exact sequences
0→ En → En+m → Em → 0
where En ∈ Cohn, Em ∈ Cohm and En+m ∈ Cohn+m for any two non-negative
integers n,m. There is a natural diagram:
{0→ En → En+m → Em → 0}
(En, Em) En+m
which induces morphisms:
Corrn,m
Cohn × Cohm Cohn+m
p
q
1
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where q is a proper map. One expects that there is an appropriate definition
of pull back map p! : K(Cohn × Cohm) → K(Corrn,m) and push forward q∗ :
K(Corrn,m) → K(Cohn+m) such that ∗
K(Coh) = q∗ ◦ p
! induces an associative
algebra structure of K(Coh).
1.2. Description of Our Results. In this paper, we realize the aforementioned
expectation by representing Corrn,m as a quotient stack
Corrn,m = [Flag
◦
n,m/Pm,n]
in Section 3. We consider a resolution of universal quotients
0→ Vm →Wm → O
m → Em → 0
over Quot◦n×S and define two vector bundles Vn,m andWn,m over Quot
◦
n×Quot
◦
m.
We observe there is a Cartesian diagram (3.4):
(1.1)
Flag◦n,m Wn,m
Quot◦n ×Quot
◦
m Vn,m
tn,m
ψn,m
iV
where ψn,m is a locally complete intersection morphism. We use ψ
!
n,m to define
the refined pull-back p! and prove that it does not depend on the choice of reso-
lutions. Hence we give the appropriate definition of K-theoretic Hall algebra in
Definition 4.1. This generalizes the work of Schiffmann and Vasserot [SV12] for
S = A2 and Minets [Min18] for S = T ∗C where C is a smooth projective curve.
Moreover, based on the techniques of refined Gysin maps between two vector bun-
dles which we develop in Section 2.3, we prove that the K-theoretic Hall algebra is
associative.
Theorem 1.1 (Theorem 4.3). The K-theoretic Hall algebra (K(Coh), ∗K(Coh)) is
associative.
Another question we are considering in the paper is the relation between the
K-theoretic Hall algebra and the shuffle algebra. The shuffle algebra is considered
by Schiffmann and Vasserot [SV17] for quivers and Negut [Neg17] for surfaces.
The idea is to consider Tn ⊂ GLn which is the maximal torus consisting of
diagonal matrices. The fixed locus is shown to be (Quot◦n)
Tn = (Quot◦1)
n = Sn in
Lemma 3.14. By Theorem 2.10 and the Thomason localization Theorem 2.12, we
have
KGn(Quot◦n) = (K
Tn(Quot◦n))
σn
and
KTn(Quot◦n)loc = K
Tn(Sn)loc
where σn is the permutation group of order n, and ”loc” denotes localization
over the fraction field of Rep(Tn).
Let
Sh =
∞⊕
n=0
KTn(Sn)σnloc.
Sh is endowed with a shuffle algebra structure, as in [Neg17], and we show that
the localization theorem induces an algebra homomorphism (5.2) from K(Coh) to
a renormalized version (see Definition 5.1) of the shuffle algebra Sh.
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Theorem 1.2 (Theorem 5.3). τ is an algebra homomorphism between (K(Coh), ∗K(Coh))
and (Sh, ∗Sh).
1.3. Structure of the Paper. In Section 2, we review some basic facts about
equivariant K-theory, like refined Gysin maps, induction and some applications to
the vector bundles.
In Section 3, we introduce the Quot schemes and Flag schemes, and resolution
of the universal quotients over those schemes. We also discuss some properties of
refined Gysin maps between Quot schemes and Flag schemes, which will be used
in the discussion of K-theoretic Hall algebra.
In Section 4, we define the K-theoretic Hall algebra of a surface, and prove this
algebra is associative.
In Section 5, we redefine the shuffle algebra Sh of [Neg17] and construct a ho-
momorphism from K(Coh) to Sh.
1.4. Relations to Other Work. In the case S = A2, Schiffmann and Vasserot
([SV12]) studied an equivariant version of K-theoretic Hall algebra. In the case
S = T ∗C where C is a smooth curve, Minets ([Min18]) studied an analogous moduli
stack, namely the moduli stack of Higgs sheaves.
Instead of studying K-theory, one could enquire about other cohomology theories,
and we expect many of the results in the present paper to carry through (assuming
the existence of an equivariant localization theorem). For example, in [KV19],
Kapranov-Vasserot independently introduced a construction philosophically similar
to ours, and constructed an algebra structure on the Borel-Moore homology groups
of the stacks of coherent sheaves of arbitrary dimension on S.
1.5. Acknowledgment. This paper is dedicated to my advisor, Andrei Negut. It
is hard to imagine any academic breakthrough of myself without his tremendous
unselfish help. I would also like to acknowledge Shuai Wang, who first introduced
this topic to me.
When I was writing this paper, I received lots of useful suggestions form Davesh
Maulik, and after posting the first paper to arxiv, I also received many useful
feedbacks from Alexandre Minets, Francesco Sala and Mikhail Kapranov. I would
like to acknowledge them for their useful discussions.
2. Equivariant K-theory
In this section, we recall some basic facts about equivariant K-theory from [CG09]
and [AP15]. We work in the category of separated schemes of finite type over an
algebraically closed field k, equipped with an action of a reductive group G. All
morphisms are equivariant with respect to the action of G.
2.1. Grothendick groups. The Grothendick group of equivariant coherent sheaves
KG(X) is generated by classes [F ] for each G-equivariant coherent sheaf F on X ,
subject to the relation [F ] = [G] + [H] for any exact sequence of G-equivariant
coherent sheaves
0→ G → F → H → 0
Example 2.1. Let X = Spec(k). Then KG(X) = Rep(G), the representation ring
of G. Moreover, for any scheme X , KG(X) is a module over Rep(G).
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2.2. Refined Gysin Maps.
Definition 2.2. A morphism f : X → Y is called a locally complete intersection
morphism (l.c.i. morphism for short) if f is the composition of a regular embedding
and a smooth morphism.
Example 2.3. In this paper, we will not distinguish locally free sheaves and vector
bundles as their total spaces. For any vector bundle M over X , let prM : M → X
be the projection and iM : X →M be the zero section.
Given φ : V → W a linear morphism of two vector bundles over X . Let Y =
φ−1(iW (X)) and we consider the following cartesian diagram:
Y V
V V ×X W
X W
ρ
(id,0)
prV prW
iW
where ρ = (id, φ). prW is flat and ρ is a regular embedding, so φ = prW ◦ ρ is l.c.i..
Definition 2.4. Given a Cartesian diagram
(2.1)
X ′ X
Y ′ Y
g′
f ′ f
g
where f is a l.c.i. morphism, the refined Gysin map f ! : K(Y ′) → K(X ′) is
defined by
f !([F ]) =
∞∑
i=0
(−1)i[TorOYi (OX ,F)].
f ! is well defined because f has finite Tor-dimension, i.e. for any F ∈ Coh(Y ),
TorOYi (OX ,F) = 0 for i≫ 0 if we regard OX as a OY -module. This definition still
holds if F has an equivariant structure.
The refined Gysin map has the following properties:
Lemma 2.5 (Lemma 3.1 of [AP15]). Consider the following Cartesian diagrams
(2.2):
(2.2)
X ′′ X ′ X
Y ′′ Y ′ Y,
h′ g
′
f ′ f
h g
where h is proper and f is a l.c.i. morphism. Then
f !h∗ = h
′
∗f
! : K(Y ′′)→ K(X ′).
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Lemma 2.6 (Lemma 3.2 of [AP15]). Consider following Cartesian diagrams (2.3):
(2.3)
X ′′ Y ′′ Z ′′
X ′ Y ′ Z ′
X Y.
h
f
such that h and f are l.c.i. morphisms. Then
f !h! = h!f ! : K(Y ′)→ K(X ′′).
Lemma 2.7. Consider the following Cartesian diagrams (2.4):
(2.4)
X ′′ X ′ X
Y ′′ Y ′ Y,
f ′′ f ′ f
s
where f and f ′ are l.c.i morphisms. If one of the f and s is flat,
f ! = f ′! : K(Y ′′)→ K(X ′′)
and if f is flat, f ! = f ′′∗.
Proof. Recall the Tor spectral sequence [Sta19, Tag 061Y]
(2.5) TorOYp+q(F ,OX)⇒ Tor
OY ′
p (F , T or
OY
q (OY ′ ,OX)).
Since f or s is flat, we have TorOYq (OY ′ ,OX) = 0 for q > 0 and Tor
OY
0 (OY ′ ,OX) =
OX′ . Hence for any F ∈ K(Y
′′)
∞∑
i=0
[(−1)iTorOYi (F ,OX)] =
∞∑
p=0
∞∑
q=0
[(−1)p+qTorOY ′p (F , T or
OY
q (OY ′ ,OX))]
=
∞∑
i=0
[(−1)iTor
OY ′
i (F ,OX′)].

Another corollary of the Tor spectral sequence (2.5) is the following lemma:
Lemma 2.8. Consider the following Cartesian diagram:
X ′ X
Y ′ Y
Z ′ Z
f
g
where f , g and h = g ◦ f are l.c.i morphisms. Then h! = f ! ◦ g! : K(Z ′)→ K(X ′).
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2.3. Refined Gysin Maps Between Vector Bundles. Let
0 W1 W2 W3 0
0 V1 V2 V3 0
g′
φ1
f ′
φ2 φ3
g f
be a commutative diagram of vector bundles over X where all the rows are exact.
Let X3 = φ
−1
3 (iV3(X)), X2 = φ
−1
2 (iV2(X)) and Y = f
′−1(X3). Then Y is an affine
bundle over X3. The following commutative diagram:
Y V2
X V3
φ2
prW2 f
iV3
induces a l.c.i morphism ψ : Y → V1 ×X X3 and the following cartesian diagram:
(2.6)
X2 Y
X3 V1 ×X X3
ψ
iV1×id
Lemma 2.9. ψ! ◦ φ!3 = φ
!
2 : K(X)→ K(X2).
Proof. Consider the following two Cartesian diagrams:
Y X3 X
W2 W3 V3
f ′ φ3
X2 X
Y V1 X
W2 V2 V3
iV1
prV1
g
φ2 f
where φ3 ◦ f
′ = f ◦ φ2. Then φ
!
2 : K(X)→ K(X2) satisfies
φ!2 = φ
!
2 ◦ i
!
V1
◦ pr!V1 K(X2)
φ!2←− K(X)
i!V1←−− K(V1)
pr!V1←−−− K(X)
= i!V1 ◦ φ
!
2 ◦ f
! K(X2)
i!V1←−− K(Y )
φ!2←− K(V1)
pr!V1←−−− K(X) by Lemma 2.6
= i!V1 ◦ f
′! ◦ φ!3 K(X2)
i!V1←−− K(Y )
f ′!
←−− K(X3)
φ!3←− K(X) by Lemma 2.8
On the other hand, consider the following Cartesian diagram:
X2 X3 X
Y V1 ×X X3 V1
X3 X
iV1
ψ
prV1 |X3
prV1
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and thus
ψ! = ψ! ◦ i!V1 ◦ pr
!
V1
K(X2)
ψ!
←− K(X3)
i!V1←−− K(V1 ×X X3)
pr!V1←−−− K(X2)
= i!V1 ◦ ψ
! ◦ pr!V1 K(X3)
i!V1←−− K(Y )
ψ!
←− K(Y1 ×X X3)
pr!V1←−−− K(X2) by Lemma 2.6
= i!V1 ◦ f
′! K(X3)
i!V1←−− K(Y )
f ′!
←−− K(X2) by Lemma 2.8
as morphisms from K(X3) to K(X2). Hence ψ
! ◦ φ!3 = φ
!
2. 
2.4. Localization Theorem. Let T = (Gm)
n be the maximal torus of G, XT the
fixed locus of X with respect to a given T action and iX the closed embedding of
XT into X . We recall following theorems about the relation between KG(X) and
KT (XT ).
Theorem 2.10 (Proposition 31 of [Mer05]). If the commutator group of G is
simply connected, then the natural restriction map KG(X)→ KT (X) gives rise to
an isomorphism
KG(X) = KT (X)W .
Definition 2.11. The localization of KT (X) is defined by
KT (X)loc = K
T (X)⊗Rep(T ) Frac(Rep(T )),
where Frac(Rep(T )) is the fraction field of Rep(T ).
Theorem 2.12 (Thomason localization theorem, Theorem 2.2 of [T+92]). The
map:
KT (XT )loc
iX∗−−→ KT (X)loc
is an isomorphism. Moreover, if iX is a regular embedding, then
KT (X)loc
i∗X−−→ KT (XT )loc
is also an isomorphism.
Given E a rank n locally free sheaf over X , let [∧•(E)] =
∑n
i=0(−1)
i[∧iE]. One
corollary of the localization theorem is that
Lemma 2.13 (Lemma 5.1.1 of [CFK09]). Let X be a quasi-projective scheme and
assumes T acts on X trivially. Then for every T -equivariant vector bundle E, iden-
tifying it with its total space, satisfying ET = X, the element [∧•(E)] is invertible
in KT (X)loc.
The following proposition reveals the relation between pull back and push for-
ward maps of Grothendieck groups.
Lemma 2.14 (Proposition 5.4.10 of [CG09]). Let i : N −֒→ M be a G-equivariant
closed regular embedding. Then the conormal sheaf T ∗NM is locally free and the
composite map KG(N)
i∗−→ KG(M)
i∗
−→ KG(N) is given by the formula i∗i∗F =
[∧•T ∗NM ]⊗F , for any F ∈ K
G(N).
One application of Lemma 2.14 is that
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Lemma 2.15. Let X be a quasi-projective scheme with trivial T action. Let W
and V be two T -equivariant vector bundles satisfying WT = X and V T = X, and
f : W → V a T -equivariant linear morphism. Let Y = f−1(iV (X)), with the
following Cartesian diagram:
Y W
X V
i′
f ′ f
iV
where iV is the zero section in V . Then Y
T = X. Let X
j
−֒→ Y be the embedding of
fixed points. For any F ∈ KT (X)loc,
(2.7) f !F = j∗(
[∧•V ]
[∧•W ]
F)
as elements in in KT (Y )loc.
Proof. The fact that Y T = X is trivial. By the Thomason localization theorem
2.12, the following morphisms are isomorphisms:
KT (X)loc
j∗
−→ KT (Y )loc
i′
∗−→ KT (W )loc.
Let iW be the zero section of W , then
i∗W : K
T (W )loc → K
T (X)loc
is also an isomorphism, by Lemma 2.14 and Theorem 2.12. Thus equality (2.7) is
equivalent to the following equality:
i∗W i
′
∗f
!F = i∗W i
′
∗j∗(
[∧•V ]
[∧•W ]
F),
i.e.
(2.8) i∗W (
∞∑
i=0
(−1)i[TorVi (F ,OW )]) = i
∗
W iW∗(
[∧•V ]
[∧•W ]
F).
The right hand side of (2.8) is [∧•V ]F by Lemma 2.14. The left hand side is
∞∑
j=0
∞∑
i=0
(−1)i+j [TorWj (Tor
V
i (F ,OW ),OX)] =
∞∑
i=0
(−1)i[TorVi (F ,OX)]
by equation (2.5), which is also [∧•V ]F by Lemma 2.14. 
2.5. Induction. Let P ⊂ G be a closed algebraic subgroup which acts on X . The
the induced space, G ×P X is defined to be the space of orbits of P acting freely
on G ×X by h : (g, x) → (gh−1, hx). Formula (5.2.17) of [CG09] constructs two
isomorphisms res and indGP which are the inverse of each other:
(2.9) KP (X)
res
⇄
indG
P
KG(X ×G P ).
Now let P be a parabolic subgroup, T ⊂ P be a maximal torus, and H be the
Levi subgroup of P . Let W be the Weyl group of G, and WH be the Weyl group
of H . Let g and p be the Lie algebras of G and P and T acts on g and p by adjoint
representations.
Lemma 2.16. Let Y = X ×P G, then:
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(1) Y T = XT ×WH W .
(2) Let s : Y T → XT to be a projection associated to a choice of representatives
for WH in W , j : X → Y to be the natural inclusion x → (x, e), where e
is the unit of G. If XT is connected, we have the following commutative
diagram:
(2.10)
KT (Y T ) KT (Y )
KT (XT ) KT (X)
iY ∗
j∗
i˜
s∗
where i˜(F) = ([∧•(g/p)∗])F .
(3) We have the commutative diagram:
(2.11)
KG(Y ) KT (Y )
KP (X) KT (X)
res j∗
Proof. (1) was proven in Proposition A.17 of [Min18] and (3) is obvious from defi-
nition. Let jT be the embedding of XT in Y T . We have the Cartesian square:
XT X
Y T Y.
iX
jT j
iY
and thus iY ∗ ◦ jT∗ = j∗ ◦ iX∗ : K(X
T )→ K(Y ). Moreover, we have
Y T =
k⋃
i=1
Yi,
where all Yi are different connected components of Y
T and Y1 = X
T , the only
component which has non-empty intersection with X . Thus s∗(F) = jT∗F + F
′,
where F ′ is supported in
⋃k
i=2 Yi. So j
∗ ◦ iY ∗(F
′) = 0 and we have
j∗ ◦ iY ∗ ◦ s
∗(F) = j∗ ◦ iY ∗ ◦ jT∗(F)
= j∗ ◦ j∗ ◦ iX∗(F)
= [∧•TXY
∗]iX∗(F)
by Lemma 2.14. Now we prove TXY = g/p. Notice that Y is a fiber bundle over
G/P with fiber X :
X Y
Spec(k) G/P,
j
pi
e
where the bottom line corresponds to the unit element. Hence TXY = π
∗(g/p) =
g/p. 
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2.6. K-theory of Artin stacks. The concept of Grothendieck group can also be
extended to the case of Artin stacks. [Toe99] is a great reference for the discussion.
A special case of Artin stacks is group quotient, i.e. Y = [X/H ], where X is a
scheme and H is an algebraic group with group action on X , then we have:
Lemma 2.17 (Lemma 2.11 of [Toe99]).
K(X/H) = KH(X).
3. Quot Schemes and Flag Schemes of a Surface
In this paper, we will work over an algebraically closed field k of characteristic
0. Let S be a smooth projective surface and O(1) an ample line bundle over S.
3.1. Quot Schemes and Flag Schemes.
Definition 3.1. Given d a non-negative integer, Grothendieck’s Quot scheme
Quotd is defined to be the moduli scheme of quotients of coherent sheaves
{φd : k
d ⊗OS ։ Ed},
where Ed has dimension 0 and h
0(Ed) = d.
There is an open subscheme Quot◦d ⊂ Quotd which consists of quotients such
that H0(φ) : kd → H0(Ed) is an isomorphism.
Over Quotd and Quot
◦
d, there is a universal quotients coherent sheaves
φd : k
d ⊗OS ։ Ed.
Its kernel, denoted by Id. is defined as a kernel sheaf.
Example 3.2. Quot◦1 = S. Let ∆ : S → S × S be the diagonal map, then
E1 ∈ Coh(Quot
◦
1 × S) is O∆, and I1 is I∆, the ideal sheaf of diagonal.
Remark 3.3. There is a principle of abusing notations in this paper. For any scheme
X and f : X → Quot◦n, let
f∗Ed ∈ Coh(X × S) denoted by Ed
f∗Id ∈ Coh(X × S) denoted by Id
Lemma 3.4. There exists a short exact sequence
(3.1) 0→ Vd
vd−→ Wd
wd−−→ Id → 0,
over Quot◦d × S, where Vd and Wd are locally free sheaves.
Proof. For a sufficient large integer r, let Wd = π
∗π∗Id(r)⊗O(−r), where π is the
projection map from Quot◦d×S to Quot
◦
d. There is a surjective map Wd → Id. Let
Vd be its kernel and Vd is also locally free by Lemma 2.1.7 of [HL10]. 
Now we generalize the Quot scheme to the case of a sequence of non-decreasing
integers d• = (d0, d1, . . . , dl), such that d0 = 0 and dl = d. Fix a flag of vector
spaces F = {kd1 ⊂ . . . ⊂ kdl}. Let
Quot◦d• =
k∏
i=1
Quot◦di−di−1 .
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Definition 3.5. For any closed point {φ : kd ⊗OS ։ Ed} of Quot
◦
d, let Edi be the
image of φi = φ|kdi⊗OS . By [Min18] Flag
◦
d•
, the subset of Quot◦d which consists of
quotients of Ed such that for any i
H0(φi) : k
di ∼= H0(Edi)
is a closed subscheme and denoted by Flag◦d•. The inclusion map is denoted by id• :
(3.2) id• : Flag
◦
d•
→ Quot◦d.
For each i, there is a universal quotients of coherent sheaves
φi : O
di → Edi
over Flagd•×S. Moreover, fixing an isomorphism k
di−di−1 = kdi/kdi−1 , let Edi,i−1 =
Edi/Edi,i−1 . Then
φi,i−1 : O
di−di−1 → Edi,i−1
is also surjective. It induces a morphism
(3.3) pd• : Flag
◦
d•
→ Quot◦d• .
3.2. Two term complexes Wm,n and Vn,m. Given two non-negative integers
n,m, let d• = (0,m,m+ n) and
Quot◦d• denote Quot
◦
n,m,
Flag◦d• denote Flag
◦
n,m,
pd• denote pn,m.
Definition 3.6. Given a resolution of locally free sheaves of Im over Quot
◦
m,n× S
by (3.1), we define the two term complexes
Wn,m = π∗Hom(Wm, En) = π∗(W
∨
m ⊗ En)
Vn,m, = π∗Hom(Vm, En) = π∗(V
∨
m ⊗ En).
where π is the projection map from Quot◦n,m × S to Quot
◦
n,m.
The morphism vm : Wm → Vm naturally induces a morphism between the two
term complexes Wn,m → Vn,m, which is denoted by ψn,m.
Proposition 3.7. Wn,m and Vn,m are locally free sheaves over Quot
◦
n,m and
Riπ∗(Hom(Wm, En)) = 0, R
iπ∗(Hom(Vm, En)) = 0
for i > 0.
We first recall a base change theorem for cohomology of coherent sheaves:
Theorem 3.8 (Chapter III, Theorem 12.11 of [Har13]). Let f : X → Y be a
projective morphism of noetherian schemes, and let F be a coherent sheaf on X,
flat over Y . Let y be a closed point of Y . Then for any non-negative integer, there
is a natural map
φi(y) : Rif∗(F)⊗ k(y)→ Hi(Xy,Fy).
(1) If φi(y) is surjective, then it is an isomorphism.
(2) If Rif∗(F) is locally free in a neighborhood of y, then φ
i−1(y) is also sur-
jective.
Now we prove the Proposition 3.7.
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Proof. Let r be the rank of Wm and we consider the projection map
π : Quot◦n,m × S → Quot
◦
n,m.
For any closed point b ∈ Quot◦n,m, π
−1(b) = b × S. Hence W∨m ⊗ En|b×S has
dimension 0 and length nr. Thus for any closed point b ∈ B
hi(b× S,W∨m ⊗ En|b×S) = 0, if i > 0
h0(b × S,W∨m ⊗ En|b×S) = nr, if i = 0
By Theorem 3.8, we have
Riπ∗(Hom(W , En)) = 0
for i > 0. Let us take i = 1, φ0(b) is also an isomorphism by (2) of Theorem 3.8.
Hence φ0 is also an isomorphism and therefore Wn,m is locally free.
The analogous proof also holds for Vn,m. 
3.3. Two Term Complexes and Flag Schemes. There is a commutative dia-
gram of coherent sheaves over Flag◦n,m × S, which are flat over Flag
◦
n,m
0
Vm
Wm
0 kn ⊗O kn+m ⊗O km ⊗O 0
0 En En+m Em 0
0,
vm
wm
φn φn+m φm
l
hn hn+m
where all the columns and rows are exact, and l : km ⊗O → kn+m ⊗O is defined
by l(v) = (0, v). Then φn+m ◦ l ◦wm :Wm → En+m has image 0 in Em. So there is
a unique morphism
tn,m :Wm → En
such that hn ◦ tn,m = φn+m ◦ l ◦wm. tn,m corresponds to a global section of Wn,m.
Moreover, the diagram
(3.4)
Flag◦n,m Wn,m
Quot◦n,m Vn,m
tn,m
pn,m ψn,m
iV
is commutative, where iV is the zero section.
Proposition 3.9. The commutative diagram (3.4) is Cartesian.
ON THE K-THEORETIC HALL ALGEBRA OF A SURFACE 13
Proof. Step 1: Let Flag = Wn,m ×Quot◦n,m Vn,m. Diagram (3.4) induces a mor-
phism τ : Flag◦n,m → Flag and a natural transformation of functors
τ : Hom(−, F lag◦n,m)→ Hom(−, F lag).
By Yoneda lemma, we only need to construct another natural transforma-
tion
τ ′ : Hom(−, F lag)→ Hom(−, F lag◦n,m)
which is inverse to τ .
Step 2: Given a test scheme X and a morphism f : X → Flag, there is a commu-
tative diagram:
(3.5)
X Wn,m
Quot◦n,m Vn,m
XW
XQ ψn,m
iV
XQ induces a long exact sequence of coherent sheaves
0→ Vm
vm−−→Wm
wm−−→ km ⊗O → Em → 0
over X × S and a universal coherent sheaf En ∈ Coh(X × S). XW induces
a morphism tn,m :Wm → En such that tn,m ◦ vm = 0.
Step 3: Consider
t :Wm →En ⊕ (k
m ⊗O)
a→(tn,m(a), wm(a))
and let En+m be the cokernel of t. The following sequence is exact:
(3.6) 0→ Vm
vm−−→Wm
t
−→ En ⊕ (k
m ⊗O)
p
−→ En+m → 0.
Since Im =Wm/Vm, equation (3.6) induces another exact sequence:
0→ Im
t
′
−→ En ⊕ (k
m ⊗O)
p
−→ En+m → 0.
Let p = εn ⊕ p2 for
εn : En → En+m, p2 : k
m ⊗O → En+m.
Then we have the following diagram of coherent sheaves over X × S.
(3.7)
0 0 0
0 0 En En 0
0 Im En ⊕ (k
m ⊗O) En+m 0
0 Im k
m ⊗O Em 0
0 0 0
id
(id,0) εn
t
′ p
(0,id) εm
φn
id
where all the rows and columns, except the dashed one, are exact sequences.
Then
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(1) φn ◦ (0, id) ◦ t
′ = 0 : Im → Em, hence there is a dashed morphism εm
in the above diagram (3.7) to make all the rows and columns to be
exact.
(2) En+m is also flat over X , by the fact Em and En are flat over X .
(3) φn ⊕ id : O
n ⊕Om → En ⊕Om induced a map φn+m = p ◦ (φn ⊕ id) :
kn+m ⊗O → En+m, and we have the following diagram:
0 kn ⊗O kn+m ⊗O km ⊗O 0
0 En En+m Em 0
0 0 0,
φn φn+m φm
where all the columns and rows are exact. It induces a morphism τ ′(f) ∈
Hom(X,F lag◦n,m). The above process actually defines a natural transfor-
mation:
τ ′ : Hom(−, F lag)→ Hom(−, F lag◦n,m)
which is inverse to τ by checking the correspondence morphism functorially.

3.4. Refined Gysin Map. The Cartesian diagram (3.4), induces the refined Gysin
map:
ψ!n,m : K(Quot
◦
n,m)→ K(Flag
◦
n,m).
Moreover, for any Cartesian diagram
X Flag◦n,m
Y Quot◦n,m
the refined Gysin map:
ψ!n,m : K(Y )→ K(X).
is always well-defined.
Proposition 3.10. ψ!n,m does not depend on the choice of resolutions (3.1) of the
kernel sheaf Im.
Proof. Let
0→ Vm
v
−→Wm
w
−→ Im → 0
and
0→ V ′m
v′
−→W ′m
w′
−→ Im → 0
ON THE K-THEORETIC HALL ALGEBRA OF A SURFACE 15
be two resolutions of Im. Let W
′′
m = Wm ⊕W
′
m. W
′′
m
w⊕w′
−−−−→ Im is surjective and
let V ′′m be its kernel. Then we have the following diagram of exact sequences:
(3.8)
0 0 0
0 Vm Wm Im 0
0 V ′′m W
′′
m Im 0
0 W ′m W
′
m 0 0
0 0 0
v
r
w
(id,0)
v′′ w⊕w
′
0⊕id
where r is the restriction of (id, 0) to Vm. Consider the following short exact
sequence:
0→ Vm
(v,r)
−−−→Wm ⊕ V
′′
m
(id,0)⊕−v′′
−−−−−−−→W ′′m → 0
and the Cartesian diagram:
W ′′m,n V
′′
m,n
Wm,n Vm,n
ψ′′n,m
ψn,m
Moreover, by diagram (3.8), we have the short exact sequence:
Vm → V
′′
m →W
′
m → 0,
which induces the exact sequence:
0→W ′m,n → V
′′
m,n → Vm,n → 0.
So the above map from V ′′m,n to Vm,n is smooth and ψ
′′!
m,n = ψ
!
m,n by Lemma 2.7.
Similarly ψ′′!m,n = ψ
′!
m,n. 
3.5. An Associativity Formula. Now let n,m, l be three non-negative integers
and d• = (0, n, n+m,n+m+ l). Let
Flag◦d• denoted by Flag
◦
n,m,l,
Quot◦d• denoted by Quot
◦
n,m,l.
We have the following Cartesian diagrams:
(3.9)
Flag◦n,m,l Flag
◦
n,m+l
Quot◦n × Flag
◦
m,l Quot
◦
n,m+l
pn,m+l
(3.10)
Flag◦n,m,l Flag
◦
n+m,l
Flag◦n,m ×Quot
◦
l Quot
◦
n+m,l
pn+m,l
Hence we have refined Gysin maps
ψ!n,m+l : K(Quot
◦
n × Flag
◦
m,l)→ K(Flag
◦
n,m,l)
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ψ!n+m,l : K(Flag
◦
n,m ×Quot
◦
l )→ K(Flag
◦
n,m,l).
Now we are going to prove an associative formula:
Proposition 3.11. ψ!n,m+lψ
!
m,l = ψ
!
n+m,lψ
!
n,m : K(Quot
◦
n,m,l)→ K(Flag
◦
n,m,l).
Proof. Step 1: Given a sufficient large r, let
Wl = π
∗π∗(Il(r)) ⊗O(−r),
Wm = π
∗π∗(Im(r)) ⊗O(−r),
Wn = π
∗π∗(In(r)) ⊗O(−r),
Wm+n = π
∗π∗(In+m(r)) ⊗O(−r),
Wm+l = π
∗π∗(Im+l(r)) ⊗O(−r)
for all X×S where X are all the schemes in diagram (3.7) and (3.10) where
those coherent sheaves are well defined, similar to the definition in lemma
3.4. Then these coherent sheaves have surjective maps to Il, Im, In, Im+n, In+l
respectively, and let Vl,Vm,Vn,Vm+n,Vn+l to be their kernels respectively.
Then we have the exact sequence:
0 Vn Vm+n Vm 0
0 Wn Wm+n Wm 0
over Flag◦n,m ×Quot
◦
l × S and another exact sequence
0 Vm Vm+l Vl 0
0 Wm Wm+l Wl 0
over Quot◦n × Flag
◦
m,l × S. Similar to Section 3.2, there are locally free
sheaves Vn,l, Vm,l, Vn,m,Wn,l,Wm,l,Wn,m over Quot
◦
n,m,l, Vn+m,l,Wn+m,l
over Flag◦n,m ×Quot
◦
l and Vn,m+l,Wn,m+l over Quot
◦
n × Flag
◦
m,l.
Step 2: Let Corr◦n,m,l be defined by the following Cartesian diagram:
Corr◦n,m,l Flag
◦
n,m ×Quot
◦
l
Quot◦n × Flag
◦
m,l Quot
◦
n,m,l
pn,m
pm,l
Then the locally free sheavesWn+m,m+l and Vn+m,m+l are also well defined
on Corr◦n,m,l. Let ψn,m denote the morphism from Corr
◦
n,m,l to Quot
◦
n ×
Flag◦m,l and ψm,l denote the morphism from Corr
◦
n,m,l to Flag
◦
n,m×Quot
◦
l
by abusing the notation. By Lemma 2.6, we have
(3.11) ψ!n,mψ
!
m,l = ψ
!
m,lψ
!
n,m : K(Quot
◦
n,m,l)→ K(Corr
◦
n,m,l).
Step 3: Consider the following exact sequences of locally free sheaves overQuot◦n×
Flag◦m,l:
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0 Wn,l Wn,l+m Wn,m 0
0 Vn,l Vn,l+m Vn,m 0
f
ψn,l+m ψn,m
where Corr◦n,m,l is the pre-image of the zero section of ψn,l+m and Flag
◦
n,m,l
is the pre-image of the zero section of ψ−1n,l+m. Let Y1 = f
−1(Corr◦n,m,l).
Then by (2.6), there is a Cartesian diagram:
Flag◦n,m,l Y1
Corr◦n,m,l Vn,l ×Quot◦n,m,l Corr
◦
n,m,l.
ψ1
By Lemma 2.9,
(3.12) ψ!n,l+m ◦ ψ
!
m,l = ψ
!
1 ◦ ψ
!
m,l ◦ ψ
!
n,m.
Similarly, there is another commutative diagram of exact sequences of
locally free sheaves over Flag◦n,m ×Quot
◦
l :
0 Wn,l Wn+m,l Wm,l 0
0 Vn,l Vn+m,l Vm,l 0
f ′
ψn+m,l ψm,l
where Corr◦n,m,l is the pre-image of the zero section of ψn+m,l and Flag
◦
n,m,l
is the pre-image of the zero section of ψ−1n+m,l(0). Let Y2 = f
′−1(Corr◦n,m,l).
There is the following Cartesian diagram:
Flag◦n,m,l Y2
Corr◦n,m,l Vn,l ×Quot◦n,m,l Corr
◦
n,m,l.
ψ2
Still by Lemma 2.9
(3.13) ψ!n+m,l ◦ ψ
!
n,m = ψ
!
2 ◦ ψ
!
n,m ◦ ψ
!
m,l.
Step 4: By equation (3.11), (3.12) and (3.13), we only need to prove that Y1 and
Y2 are isomorphic, and ψ1 = ψ2.
Let Wn,m ×Quot◦
n,m,l
Corr◦n,m,l denoted still by Wn,m by abusing the
notation for the pullback of vector bundles. Similarly we abuse the notation
for Wn,l,Wm,l,Wn,l+m and Wn+m,l. ψn,m, ψm,l induced global sections:
tn,m : Corr
◦
n,m,l →Wn,m, tm,l : Corr
◦
n,m,l →Wm,l
Y1, Y2 can be represented by the following Cartesian diagrams:
(3.14)
Y1 Corr
◦
n,m,l
Wn,l+m Wn,m
tn,m (3.15)
Y2 Corr
◦
n,m,l
Wn+m,l Wm,l
tm,l
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Step 5: Recall that over Corr◦n,m,l × S, we have following diagrams:
(3.16)
0 0 0 0 0
Vn Vn+m Vm Vn+m Vl
Wn Wn+m Wm Wm+l Wl
kn ⊗O kn+m ⊗O km ⊗O km+l ⊗O kl ⊗O
En En+m Em Em+l El
0 0 0 0 0
wn
gn gn+m
wn+m wm
gm
wm+l
gm+l
wl
φn φn+m φm
l1
φm+l
l2
φl
hn hn+m hm hm+l
where all the columns, dashed rows and dotted rows are exact. Let
g = gm ◦ gn+m and h = hm ◦ hn+m, then
g :Wm+l,n+m →Wn+m,n+m, h :Wn+m,m+l →Wm+l,m+l
which are induced by the composition has kernel Wn,m+l and Wn+m,l re-
spectively. Let tn,m = hn ◦ tn,m◦gn+m and tm,l = hm ◦ tm,l◦gm+l. A closed
point x ∈ Y1 corresponds to a morphism
x ∈ Hom(Wm+l, En)
with the condition x ◦ gm = tn,m, which is equivalent to x ◦ g = tn,m. A
closed point x ∈ Y2 corresponds to a morphism
x ∈ Hom(Wl, En+m)
with the condition hn+m ◦ x = tm,l, which is equivalent to h ◦ x = tm,l.
By diagram (3.14) and (3.15), Y1 and Y2 can be represented by the
following Cartesian diagrams:
Y1 Corr
◦
n,m,l
Wn+m,m+l Wn+m,n+m ×Wm+l,m+l
(tn,m,0)
(g,h)
Y2 Corr
◦
n,m,l
Wn+m,m+l Wn+m,n+m ×Wm+l,m+l
(0,tm,l)
(g,h)
Step 6: Let s : km+l⊗O → km⊗O defined by s(x, y) = x, and let β = φn+m ◦ l1 ◦
s ◦wm+l, where l1 and wm+l were defined in (3.16). Then β ◦ g = tn,m and
h ◦ β = −tm,l. So given x ∈ Wn+m,m+l such that (g, h)(x) = (tn,m, 0), we
have (g, h)(x−β) = (0, tm,l). Hence we construct an isomorphism between
Y1 and Y2, and proved ψ
!
1 = ψ
!
2.

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3.6. Group Actions on Quot Schemes and Flag Schemes. In this subsection
we discuss the group actions on Quot schemes and Flag schemes. First we introduce
the following notations:
(1) Let Gd = GLd(k), Gd• =
∏k
i=1Gdi−di−1 . Gd has a natural action on Quot
◦
d
by acting on On and Gd• has a natural action on Quot
◦
d•
.
(2) Let Td be the maximal torus of Gd formed by the diagonal matrices. Let
σd be the permutation group of n elements, which is the Weyl group of Gd.
Let Td• =
∏k
i=1 Tdi−di−1 and σd• =
∏k
i=1 σdi−di−1 .
(3) Let Pd• be the parabolic group of Gd which preserves the flag F . Gd• is
the Levi subgroup of Pd• . Pd• has a natural action on Flag
◦
d•
.
(4) pd• defined in (3.3) and id• defined in (3.2) are Pd• -equivariant. Let
F˜ lag◦d• = Flag
◦
d•
×Pd• Gd. id• induces a proper Gd-equivariant morphism
qd• : F˜ lag
◦
d•
→ Quot◦d.
(5) We will use the notation pn,m for d• = (0, n, n +m) and pn,m,l = pd• for
d• = (0, n, n+m,n+m+ l). The same principle holds for other notations,
like qd• ,Gd• ,Td• and so on.
Remark 3.12. All the refined Gysin map in the previous sections can be defined
equivariantly by the same constructions, and Proposition 3.10 and Proposition 3.11
also have equivariant version.
Moreover, there is a Pn,m action on the vector bundle Wn,m over Quot
◦
n,m
by the following method. (3.1) induces a Gm,n-equivariant homomorphism from
Hom(Om,On) to Hom(Wm, En).
Let Un,m be the kernel of the projection map from Pn,m to Gn,m, then Un,m
is isomorphic to Hom(Om,On). Then i(x)(y) = γm,n(x) + y defines a group
action Un,m of on Wn,m. Moreover, for any g ∈ Gn,m, x ∈ Un,m, u ∈ Wn,m,
(g−1i(x)g)(u) = g−1(g(u) + γm,n(x)) = u + γm,n(x) = i(x)(u) by the Gm,n equiv-
ariance of the morphism γm,n. Then by the following lemma, i can be extended to
a Pn,m action on Wn,m.
Lemma 3.13. Let
1→ Γ→ P
proj
−−−→ G→ 1
be an exact sequence of algebraic groups and let
i : G ⊂ P
a closed immersion such that proj ◦ i = id. Let a be a group action of Γ on X, b
be a group action of G on X such that
a(g)−1b(u)a(g) = b(g−1ug)
for all g ∈ G, u ∈ Γ. Then for any x ∈ P , there exists a unique decomposition
x = gu, g ∈ G, u ∈ Γ, and let c(x) = b(u)a(g). Then c is a group action of P on X.
3.7. Torus actions on Quot Schemes. Let Td ⊂ Gd be the maximal torus
consisting of diagonal matrices.
Lemma 3.14. Let (Quot◦d)
Td be the fixed locus of Quot◦d with Td action.
(1) (Quot◦d)
Td = (Quot◦1)
d = Sd.
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(2) Let prij : S
d+1 → S × S be the projection to i-th and j-th factors. Let Ed
and Id be the universal sheaf and kernel sheaf over (Quot
◦
1)
d × S = Sd+1.
Then
Ed =
d⊕
i=1
pr∗i,d+1(O∆), Id =
d⊕
i=1
pr∗i,d+1(I∆),
where ∆ : S → S × S is the diagonal map, I∆ is the ideal sheaf of ∆ and
O∆ is the structure sheaf of diagonal.
Proof. See Lemma 3.1 of [Min18] 
Next we consider the Tn,m-fixed locus of Quot
◦
n,m for two non-negative integers
n and m.
Case 1: Let m = 1 and n = 1, Quot◦1×Quot
◦
1×S = S
3 and still let prij : S
3 →
S × S be the projection to the i-th and j-th factor. Then we have the following
projection lemma:
Lemma 3.15 (Projection Lemma).
pr12∗Hom(pr
∗
13W1, pr
∗
23O∆) =W
∨
1 , pr12∗Hom(pr
∗
13V1, pr
∗
23O∆) = V
∨
1 .
Proof. Let
∆23 = id×∆ : S × S → S × S × S.
Then pr∗23O∆ = O∆23 , and pr13∆23 = pr12∆12 = id. Moreover,
Hom(pr∗13W1, pr
∗
23O∆) = pr
∗
13W
∨
1 ⊗ pr
∗
23O∆
= pr∗13W
∨
1 ⊗∆23
= ∆23∗(∆
∗
23pr
∗
13W
∨
1 )
= ∆23∗W
∨
1 .
Hence
pr12∗Hom(pr
∗
13W1, pr
∗
23O∆) = pr12∗∆23∗W
∨
1
=W∨1
And the analogous proof also holds for V1. 
Case 2: For the general case,
(Quot◦n ×Quot
◦
m)
Tn,m = (Quot◦1)
n × (Quot◦1)
m = Sn × Sm.
Let Em, En|Sn×Sm×S ∈ Coh(S
n × Sm × S) be the restrictions of universal sheaves
to Sm × Sn × S, then
Em|Sn×Sm×S =
n+m⊕
i=n+1
pr∗i,n+m+1(O∆), En|Sn×Sm×S =
n⊕
j=1
pr∗j,n+m+1(O∆).
Taking a sufficiently large r, by Lemma 3.4 there is a surjection map fromWm =
π∗π∗(Im(r))⊗O(−r) to Im and let Vm be its kernel, where π is the first projection
map form Quot◦n,m × S to Quot
◦
n,m. Let W = π
∗
1π1∗(I∆(r)) ⊗O(−r), where π1 is
the projection from S × S to S, and it also has a surjection to I∆. Let V denote
its kernel. Then
Wm|Sn×Sm×S =
n+m⊕
i=n+1
pr∗i,n+m+1W , Vm|Sn×Sm×S =
m⊕
j=1
pr∗j,n+m+1V
ON THE K-THEORETIC HALL ALGEBRA OF A SURFACE 21
By Lemma 3.15,
Wn,m|Sn×Sm =
n⊕
i=1
n+m⊕
j=n+1
zi
zj
π∗Hom(pr
∗
j,n+m+1W1, pr
∗
i,n+m+1(O∆))
=
n⊕
i=1
n+m⊕
j=n+1
zi
zj
pr∗ijW
∨
1
Vn,m|Sn×Sm =
n⊕
i=1
n+m⊕
j=n+1
zi
zj
pr∗ijV
∨
1
Thus
W∨n,m|Sn×Sm =
n⊕
i=1
n+m⊕
j=n+1
zj
zi
pr∗ijW1, V
∨
n,m|Sn×Sm =
n⊕
i=1
n+m⊕
j=n+1
zj
zi
pr∗ijV1.
We have the following exact sequence
0→ V ∨n,m →W
∨
n,m →
n⊕
i=1
n+m⊕
j=n+1
zj
zi
O →
n⊕
i=1
n+m⊕
j=n+1
zj
zi
O∆ij → 0
which induces the following equation
(3.17)
[∧•V ∨n,m]
[∧•W∨n,m]
=
n∏
i=1
n+m∏
j=n+1
∧•[
zj
zi
O∆ij ]
1−
zj
zi
4. K-Theoretic Hall Algebra of a Surface
Let
Coh =
∞⊔
d=0
Cohd
be the moduli stack of 0-dimensional coherent sheaves over S and Cohd be the
moduli stack of dimension 0, degree d coherent sheaves on S. In this section, we will
construct the K-theoretic Hall algebra on K(Coh) and prove that it is associative.
4.1. Refined Gysin Map and Multiplication on K(Coh). Recall the fact that
all dimension 0 coherent sheaves are generated by their global sections, which in-
duces
Cohd = [Quot
◦
d/Gd]
Thus
(4.1) K(Coh) =
∞⊕
d=0
K(Cohd) =
∞⊕
d=0
KGd(Quot◦d)
Let ψ˜n,m be the composition of following morphisms:
KGn,m(Quot◦n,m)
projn,m
−−−−−→ KPn,m(Quot◦n,m)
ψ!n,m
−−−→ KPn,m(Flag◦n,m)
where projn,m is induced by the natural projection from Pn,m to Gn,m. Let q˜n,m∗
be the composition of following morphisms:
KPn,m(Flag◦n,m)
ind
Gn,m
Pn,m
−−−−−→ KGn+m( ˜Flag◦n,m)
qn,m∗
−−−−→ KGn+m(Quot◦n+m)
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Now we consider the following diagram:
(4.2)
KPn,m(Flag◦n,m)
KGn,m(Quot◦n,m) K
Gn+m(Quot◦n+m)
q˜n,m∗ψ
!
n,m
and let
∗K(Coh)n,m = q˜n,m∗ ◦ ψ
!
n,m : K
Gm(Quot◦n)⊗K
Gn(Quot◦m)→ K
Gn+m(Quot◦n+m),
which induces a morphism
∗KCoh : K(Coh)⊗K(Coh)→ K(Coh).
Definition 4.1. We define (K(Coh), ∗K(Coh)) to be the K-theoretical Hall algebra
associated to S, with unit given by 1 ∈ K(Coh0) ∼= Z.
Remark 4.2. The S = A2 version of this construction was given by Schiffmann and
Vasserot in [SV13] (see also [SV17] for quivers).
In this section, we will prove that (K(Coh), ∗K(Coh)) is associative.
Theorem 4.3. The K-theoretic Hall algebra (K(Coh), ∗K(Coh)) is associative.
Proof. Given any three non-negative integers n,m, l, then
∗
K(Coh)
n+m,l ◦∗
K(Coh)
n,m : K(Cohn(S))⊗K(Cohm(S))⊗K(Cohl(S))→ K(Cohn+m+l(S))
is induced by the diagram:
KPn,m,l(Flag◦n,m ×Quot
◦
l ) K
Pn+m,l(Flag◦n+m,l)
KPn,m,l(Quot◦n,m,l) K
Pn+m,l(Quot◦n+m,l) K
Gn+m+l(Quot◦n+m+l)
q˜n,m∗ ˜qn+m,l∗
ψ!n,m ψ
!
n+m,l
Moreover, there is the following commutative diagram by Lemma 2.5
KPn,m,l(Flag◦n,m,l) K
Pn+m,l(Flag◦n+m,l)
KGn,m,l(Flag◦n,m ×Quot
◦
l ) K
Gn+m,l(Quot◦n+m,l)
˜qn+m,l∗
ψ!n,m+l
˜qn+m,l∗
ψ!n+m,l
So
∗
K(Coh)
n+m,l ◦ ∗
K(Coh)
n,m = ˜qn+m,l∗ ◦ q˜n,m∗ ◦ ψ
!
n+m,l ◦ ψ
!
n,m
∗
K(Coh)
n,m+l ◦ ∗
K(Coh)
m,l = ˜qn,m+l∗ ◦ q˜m,l∗ ◦ ψ
!
n,m+l ◦ ψ
!
m,l.
Notice
˜qn+m,l∗ ◦ q˜n,m∗ = ˜qn,m+l∗ ◦ q˜m,l∗
by the fact that qn+m,l ◦ qn,m = qn,m,l = qn,m+l ◦ qm.l and
ψ!n+m,l ◦ ψ
!
n,m = ψ
!
n,m+l ◦ ψ
!
m,l
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by Proposition 3.11. So
∗
K(Coh)
n+m,l ◦ ∗
K(Coh)
n,m = ∗
K(Coh)
n,m+l ◦ ∗
K(Coh)
m,l
and hence ∗K(Coh) is associative. 
5. Shuffle Algebra and K-theoretical Hall algebra
In this section, we study the equivariant K-theory of Quot schemes through the
localization theorem 2.12, and construct a homomorphism from the K-theoretical
Hall algebra to a version of shuffle algebra considered by [Neg17].
5.1. Localization for K(Coh). Let d be a non-negative integer, and σd the per-
mutation group of order d, which is also the Weyl group of maximal torus Td.
By Theorem 2.10,KGd(Quot◦d) = (K
Td(Quot◦d))
σd . By Lemma 3.14, (Quotd)
Td =
Sd. andKTd(Sd)loc = K(S
d)(z1, . . . , zd)
Sym, where Symmeans invariant under the
σd action. Then by localization theorem 2.12, there is an isomorphism
(5.1) KTd(Sd)Symloc
id∗−−→ KTd(Quotd)
σd
loc.
Let ld : K
Td(Quotd))
σd → (KTd(Quotd)
σd
loc be the natural localization map, and
(5.2) τd = ld ◦ i
−1
d∗ : (K
Td(Quotd))
σd → K(Sd)(z1, . . . , zd)
Sym
Let
τ =
∞⊕
d=0
τd :
∞⊕
d=0
KGd(Quot◦d)→
∞⊕
d=0
K(Sd)(z1, . . . , zd)
Sym
5.2. Shuffle Algebra Revisited. Now we recall the definition of shuffle algebra
associated to S, which is defined in [Neg17].
Definition 5.1. Consider the abelian group:
Sh =
∞⊕
d=0
KSd(z1, ..., zd)
Sym
with the following associative product:
(5.3) R(z1, ..., zn) ∗
Sh R′(z1, ..., zm) =
= Sym

(R⊠ 1⊠m)(z1, ..., zn)(1⊠n ⊠R′)(zn+1, ..., zn+m)
n∏
i=1
n+m∏
j=n+1
ζSij
(
zj
zi
)

where:
ζSij(x) =
[∧•(x · O∆ij )]
(1 − x)(1 − 1
x
)
∈ KSn+m(x)
and F ⊠ G = pr∗n(F)⊗ pr
∗
m(G) for F ∈ K(S
n), G ∈ K(Sm). Here prn, prm are the
respective projection map from Sn × Sm to Sn and Sm. (Sh, ∗Sh) is defined to be
the shuffle algebra associated to S.
Remark 5.2. The definition of shuffle algebra in our paper is slightly different from
the definition in [Neg17], but they differ by a straightforward automorphism.
Theorem 5.3. τ is an algebra homomorphism between (K(Coh), ∗K(Coh)) and
(Sh, ∗Sh).
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Proof. Step 1: Let F = Sn+m ×Quot◦n,m Flag
◦
n,m, and consider the following
Cartesian diagram:
(5.4)
F Flag◦n,m Wn,m
Sn+m Quot◦n,m Vn,m
iF
ψn,m
i
which defines a refined Gysin map
ψ′!n,m : K
Tn+m(Sn+m)→ KTn+m(F ).
We prove that there is the commutative diagram
(5.5)
KTn+m(Sn+m) KTn+m(F ) KTn+m(Flag◦n,m)
KTn+m(Sn+m) KTn+m(Quot◦n,m)
j∗ iF∗
i∗
ψ′!n,mρn,m
ψ!n,m
where
ρn,m(F) =
n∏
i=1
n+m∏
j=n+1
∧•[
zj
zi
O∆ij ]
1−
zj
zi
F .
In fact, by Lemma 2.5, iF∗ ◦ ψ
′!
n,m = ψ
!
n,m ◦ i∗. Moreover, W
Tn+m
n,m = V
Tn+m
n+m =
Sn × Sm. By (2.7) and Lemma 2.15, ψ′!n,m = j∗ ◦ ρn,m.
Step 2: Let
S˜n+m = Sn+m ×σn,m σn+m.
The natural action of σn+m on S
n+m induces a projection map s : S˜n+m → Sn+m.
Then
( ˜Flag◦n,m)
Tn+m
= S˜n+m.
There is the following commutative diagram
(5.6)
KTn+m(Sn+m ×σm×σn σn+m) K
Tn+m( ˜Flag◦n,m)
KTn+m(Sn+m) KTn+m(Quot◦n+m)
i∗
s∗ qn+m∗
i∗
by the fact i∗ ◦ s∗ = (i ◦ s)∗ = (qn+m ◦ i)∗ = qn+m∗ ◦ i∗. And by Lemma 2.16, there
is the following commutative diagram:
(5.7)
KTn+m(Sn+m ×σm×σn σn+m) K
Tn+m( ˜Flag◦n,m)
KTn+m(Sn+m) KTn+m(Flagn+m)
i∗
j∗n,m
i∗
sˆ∗
where sˆ∗(F) = s∗( F∏n
i=1
∏n+m
j=n+1(1−
zi
zj
)
) and jn,m is the inclusion map from Flag
◦
n,m
to ˜Flag◦n,m.
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Step 3: By (5.5), (5.6) and (5.7), we have the following commutative diagram:
KTn+m(Sn+m)
σn,m
loc K
Tn+m(Quot◦n,m)
σn,m KGn,m(Quot◦n,m)
KTn+m(Sn+m)
σn,m
loc K
Tn+m(Quot◦n,m)
σn,m KPn,m(Quot◦n,m)
KTn+m(Sn+m)
σn,m
loc K
Tn+m(Flag◦n,m)
σn,m KPn,m(Flag◦n,m)
KTn+m(S˜n+m)
σn,m
loc K
Tn+m( ˜Flag◦n,m)
σn+m KGn+m( ˜Flag◦n+m)
KTn+m(Sn+m)
σn+m
loc K
Tn+m(Quot◦n+m)
σn+m KGn+m(Quot◦n+m)
id id
ρn,m ψ!n,m
i−1
∗
ψ!n,m
sˆ∗
i−1
∗
indGP
s∗ qn+m∗
j∗n,m
i−1
∗
qn+m∗
i−1
∗
Notice
∗Shn,m = s∗ ◦ sˆ
∗ ◦ ρn,m
and
∗K(Coh)n,m = qn+m∗ ◦ ind
Gn+m
Pn,m
◦ ψ!n,m.
Thus we have the commutative diagram:
KTn+m(Sn+m)σn×σmloc K
Gn+m(Quot◦n,m)
KTn+m(Sn+m)
σn+m
loc K
Gn+m(Quot◦n+m)
∗Shn,m ∗
K(Coh)
n,m
τn⊗τm
τn+m
i.e. τ forms a homomorphism between ∗K(Coh) and ∗Sh.

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